Fortschritt-Berichte VDI

Reihe 18

Mechanik/ Meysam Joulaian, M. Sc.,
Bruchmechanik Hamburg

Nr. 348 The hierarchical

finite cell method

for problems in
structural mechanics


https://doi.org/10.51202/9783186348180-I

https://doi.org/10.51202/9783186348180-I
Generiert durch IP '54.242.250.80', am 09.04.2024, 19:37:54.
Das Erstellen und Weitergeben von Kopien dieses PDFs ist nicht zuléssig.


https://doi.org/10.51202/9783186348180-I

The hierarchical finite cell method for
problems in structural mechanics

Vom Promotionsausschuss der
Technischen Universitidt Hamburg-Harburg
zur Erlangung des akademischen Grades

Doktor-Ingenieur (Dr.-Ing.)

genehmigte Dissertation

von
Meysam Joulaian

aus
Ahvaz, Iran

2017


https://doi.org/10.51202/9783186348180-I

Vorsitzender des Promotionsausschusses
Prof. Dr.-Ing. Otto von Estorff

Erstgutachter
Prof. Dr.-Ing. habil. Alexander Diister

Zweitgutachter
Prof. Dr. rer. nat. Ernst Rank

Tag der miindlichen Priifung: 31.01.2017


https://doi.org/10.51202/9783186348180-I

Fortschritt-Berichte VDI

| Reihe 18

Mechanik/ Meysam Joulaian, M. Sc,,
Bruchmechanik Hamburg

[Nr. 348 | The hierarchical

finite cell method
for problems in
structural mechanics

vDI verlag


https://doi.org/10.51202/9783186348180-I

Joulaian, Meysam

The hierarchical finite cell method for problems in structural mechanics
Fortschr.-Ber. VDI Reihe 18 Nr. 348. Disseldorf: VDI Verlag 2017.

162 Seiten, 109 Bilder, @ Tabellen.

ISBN ©78-3-18-334818-3, ISSN 01/8-9457,

€ 62,00/VDIMitgliederpreis € 55,80.

Keywords: Finite cell method — Fictitious domain approach — High-order finite element methods
— Heterogeneous materials — Adaptive integration — Moment fitting — Local enrichment — Partition
of unity method — Spectral cell method — Mass lumping

The finite cell method (FCM) is a combination of the fictitious domain approach and high-order
finite elements. This thesis is concerned with the study of the numerical challenges of this method,
and it investigates possible approaches to overcome them. Herein, we will infroduce and study
different numerical integration schemes, such as the adaptive integration method and the mo-
ment fitting approach. To improve the convergence behavior of the FCM for problems with
heterogeneous material, we will also propose two high-order enrichment strategies based on
the hp-d approach and the partition of unity method. Moreover, the application of the FCM will
be extended 1o the simulation of wave propagation problems, employing spectral elements and
a novel mass lumping fechnique.

Bibliographische Information der Deutschen Bibliothek
Die Deutsche Bibliothek verzeichnet diese Publikation in der Deutschen Nationalbibliographie;

detaillierte bibliographische Daten sind im Internet unter http://dnb.ddb.de abrufbar.

Bibliographic information published by the Deutsche Bibliothek

(German National Library)

The Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliographie
(German National Bibliography); detailed bibliographic data is available via Intfernet at

http://dnb.ddb.de.

© VDI Verlag GmbH - Disseldorf 2017

Alle Rechte, auch das des auszugsweisen Nachdruckes, der auszugsweisen oder vollsiandigen Wiedergabe
[Fotokopie, Mikrokopie), der Speicherung in Datenverarbeitungsanlagen, im Intemet und das der Uberseizung,
vorbehalten.

Als Manuskript gedruckt. Printed in Germany.

ISSN 01789457

ISBN ©78-3-18-334818-3



https://doi.org/10.51202/9783186348180-I

111

Preface

This thesis is the result of a research project, funded by the Deutsche Forschungsgemeinschaft
(DFG), that I carried out between June 2011 — Feb. 2016 at the institute of Ship Structural
Design and Analysis (M-10) at Hamburg University of Technology (TUHH). During this
memorable time I had the pleasure to meet and closely work with several awesome fellows.

On top of my list comes Prof. Alexander Diister, the supervisor of this work, to whom I would
like to express my deepest gratitude for his support, suggestions, encouragement and kindness.
Dear Prof. Diister, it was truly a pleasure to work with you and for you, because you were
always open for questions and discussions, keen to test new ideas, did not give your stamp of
approval to something unless it was prefect, and for many other reasons. Thank you so much!

Next on my list comes the committee members: Prof. Ernst Rank, Prof. Otto von Estorff
and Prof. Thomas Rung, to whom I would like to extend my appreciation for reviewing this work.

My list continues with my colleagues at M-10 institute, my research mates at TU Miinchen,
and my partners at OVGU Magdeburg. In order to make reading their names more enjoyable, 1
made a word search puzzle that includes all their first names!. Have fun finding them!

="YX OnAaArE>=o
axPEHPEPEPHRHH®E T
HEmXXoaa=z 2 HT =2 N
Hamaoa=2or © == 0Wn
> TmHHWP>MPE@DODeE o
RPXTNTXIN<'T®N®NOW
HOH®PMHM QNH =
TR D HHCR
QHHY®n NP o= 0AO0
mHO9O9<O=2®=HO0OQaolr
[l o B — T o B @ I e
o=zo=2=2o0o0M@0 2 H0n@IoD=

At last but not at least, my heartfelt thanks goes to my family and friends for their moral
support and blessings. In particular, I am indebted to my beloved wife, without whose love
neither life nor work would bring fulfillment. Dear Sahar, your companionship certainly made
this journey enjoyable, unforgettable, and more fun. Thank you so much!

1For those who are tired of solving puzzles, here are the names: Ali, Alireza, Bjarne, Christian, Jutta, Horst, Lars, Laszlo,
Luciano, Marcel, Mohamed, Nils, Omid, Patrick, Sascha, Simeon, Silvan, Stefan, Stephan, Tino, Ulrich.


https://doi.org/10.51202/9783186348180-I

To Sahar
and to my family
for their love, endless support and encouragement!


https://doi.org/10.51202/9783186348180-I

Contents

Notation VIII
Abstract IX
Zusammentfassung X
1 Introduction 1
1.1 Motivation . . . . ... ... L e 1

1.2 Scope and outline of thiswork . . . . ... .. ... ... .. .. . ... . ... 4

2 Finite cell method for problems in solid mechanics 5
2.1 The strong and weak form of the governing equations . . . . . ... ... . ... 5
2.2 Thefiniteelementmethod . . .. .. ... .. ... ... . L. 7

2.3 Mesh generation and the finite cellmethod . . . . . . . . ... ... ... 10
2.4 Numerical challenges of the finite cell method . . . . . ... ... ... .. ... 14
2.4.1 Fast algorithms to introduce the indicator function . . . ... ... ... 14

2.4.2 Imposition of boundary conditions . . . . . . ... ... ... L. 15

2.4.2.1 Neumann boundary conditions . . .. ... .......... 15

2.4.2.2 Dirichlet boundary conditions . . . . .. .. ... ... .... 15

2.4.3 Numerical integrationof cutcells . . . ... ... ... .. ....... 16

2.4.4 Material interfaces and weak discontinuities . . . . . . . ... ... ... 16

2.4.5 |Efficientiterativesolvers . . . . . .. ... ... L L L. 16

2.5 Some applications of the FCM . . . . . .. .. ... ... ... .. ... ... 17
2.5.1 Elastostatic analysis of a one-dimensionalrod . . . . . . ... ... ... 17

2.5.2 Perforatedplate . . . . . . . ... 22

253 Porousdomain . . . ... ... o 25

3 Numerical integration algorithms for the FCM 27
3.1 Numerical integration of unbrokencells . . . .. ... ... ... ........ 28
3.2 Performance of Gaussian quadrature rules in facing discontinuities . . . . . . . . 30

3.3 Composed integration . . . . . . . . . ... e 30
3.3.1 Composed integration based on conforming local meshes . . . . . . . .. 32

3.3.2 Composed integration based on uniform sub-cell division . . . . . . . .. 33

3.3.3 Composed integration based on spacetrees . . . . . . . . ... .. .... 35

3.3.4 Resolution of the integrationmesh . . . . . ... ... ... ... ... 36

3.3.5 Composed integration with an /p-refinement procedure . . . . . . . . .. 38

3.4 Moment fittingmethod . . . . . . ... oL 38


https://doi.org/10.51202/9783186348180-I

VI Contents
3.4.1 Step I: Selection of the basis functions . . . . . ... ... ... .... 39
3.4.2  Step 2: Setting up the position of the quadrature points . . . . . .. . .. 40
3.43 Step 3: Computation of the right-handside . . .. ... ......... 41
3.4.3.1 Computing the right-hand side on B-rep models . . . . . . . . 42
3.43.2 Computing the right-hand side on voxel models . . . . . . .. 44

3.4.3.3 Computing the right-hand side on implicitly described geome-
tries . . . .. 45
3.4.4 Step 4: Solving the equation system . . . . . . .. ... ... ... ... 45
3.4.5 Recovery of the Gauss quadraturerule . . . . . ... ... ... ... .. 45
3.5 Performance of the suggested numerical integration schemes . . . . .. ... .. 47
35.1 Cellcutbyaplanarsurface . . . . . ... ... .. ... ......... 47
3.5.2 Cell cut by several planar surfaces . . . . . ... ... .......... 49
3,53 Cellcutbyacurvedsurface . ... .................... 50
3.54 Cell cut by several curved surfaces . . . . . .. ... ... ........ 55
3.5.5 Numerical integration on voxel models . . . . ... ... ... ... .. 57
3.6 Performance of the numerical integration methods inthe FCM . . . . . ... .. 62
3.6.1 Perforatedplate . . . . . ... ... ... 62
3.6.2 Sphere under hydrostatic stress state . . . . . . . . ... ... ... 64
3.6.3 Porous domainunder pressure . . . . .. ... ... L. 69
4 Local enrichment of the FCM 72
4.1 FCM for problems with material interfaces . . . . . . ... ... ......... 72
4.2 Local refinement and adaptivity . . . . .. ... ... ... 75
4.3 Describing material interfaces using the level set function . . . . . . . . ... .. 78
43.1 Smoothlevel setfunctions . . . ... ... ... .. ... ... ... . 79
4.3.2 Non-smooth level set functions . . . . . ... ... .. .......... 82
4.4 Local enrichment with the aid of the PUmethod . . . . . . ... .. ... .. .. 85
4.4.1 Enrichment function for problems with material interfaces . . . . . . . . 86
44.1.1 Stable XFEM/GFEM . ... ... ............... 86
4.4.1.2 Blended enrichment . . . ... ... .............. 88
4.5 Local enrichment with the aid of the Ap-d method . . . . . . . . ... ... ... 90
4.6 Selection of proper enrichment strategy . . . . . . . . . ... ... ... 92
4.7 Numerical examples . . . .. ... ... ... ... L 93
4.7.1 Elastostatic analysis of a bi-material one-dimensionalrod . . . . . . . . . 93
4.7.2  Bi-material perforated plate with curved holes . . . . . . ... ... ... 97
4.7.3 Interplay between the fictitious domain and the enrichment zone . . . . . 101
4.7.4 3D cube with cylindrical inclusion . . . . . ... ... ... ....... 105
4.7.5 Heterogeneous material . . . . .. ... ... oL 108
5 The spectral cell method 111
5.1 Temporal discretization and lumped mass matrix . . . ... .. ... ... ... 112
5.2 Spectral cell method and mass lumping incutcells . . ... ... .. ... ... 117
5.2.1 Row-sum technique forcutcells . . . ... ... ............. 117
522 Massscaling technique . . . . . ... ... L Lo L L 118
5.2.3 Diagonal scaling technique . . . . . ... ... ... ... .. ... ... 118
5.3 Numerical examples . . . . . ... ... L 119
53.1 Lambwavesina2Dplate . . ... ... ................. 119


https://doi.org/10.51202/9783186348180-I

Contents

VII

5.3.2 Lamb waves in a perforatedplate . . . ... ... ... ... .. ....
5.3.3 Lambwavesina2D porousplate . . ... ..... ... ........
5.3.4 Wave propagation in a sandwichplate . . . . ... ... ... ... ...

6 Summary and Outlook

A Gaussian quadrature rules

A.l1 Gauss-Legendre quadrature . . . . .

A.2 Gauss-Legendre-Lobatto quadrature
B Polynomial integrands
C Chen-Babuska points

Bibliography

123
125
130

133
136
136
137
138
139

140


https://doi.org/10.51202/9783186348180-I

VIII

Notation

The notation and operators that are used throughout this thesis are defined here.
definitions are based on the Cartesian coordinate system with base vectors ¢;, ¢ = 1,2, 3. All the

operators and variables will be defined when they appear for the first time.

Tensors

b
)

a; €
Sij [02Y €j
C

=Cijne; Qe Qe e

a
S
¢

Matrices

> PR

Scalar value
First order tensor (vector)
Second order tensor

Fourth order tensors

Local element single column matrix
Global single column matrix
Local element matrix

Global matrix

Mathematical tensor operations

£l

®’E:uivj€i®€j

S-F=5;F;

SE =5 Fjw € ® &
S'=5,¢®é

S—l

det S

div

grad

Dyadic product

Inner, scalar or dot product
Tensor product

Transposed tensor

Inverse of a tensor
Determinant of a tensor
Divergence operator

Gradient operator
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IX

Abstract

The finite cell method (FCM) is a combination of the fictitious domain approach and high-order
finite elements. Thanks to the fictitious domain approach, the task of the mesh generation in
the FCM is drastically simplified as compared to the standard finite element method, where
boundary-fitted meshes have to be employed. Moreover, due to applying high-order approaches,
with the FCM it is possible to obtain high convergence rates similar to those of high-order finite
element methods. These two main characteristics make the FCM a viable tool for the numerical
analysis of problems in solid mechanics where the mesh generation is the main bottleneck of
the simulation — for instance regarding structures consisting of highly heterogeneous materials,
foam-like materials, sandwich plates, or composites which may exhibit debonding, delamination
or fiber breakage due to a loading. The FCM’s interesting properties do however come with
some numerical challenges. This thesis is concerned with the study of some of these challenges,
and it investigates possible approaches to overcome them.

The first challenge that is addressed in this thesis is the task of performing numerical integra-
tion. In the scope of the FCM, we commonly have to compute integrals with discontinuous
integrands. Such integrals, unfortunately, cannot be accurately computed with standard quadra-
ture rules. To overcome this issue, we will introduce and study different numerical integration
schemes, particularly the adaptive integration method and the moment fitting approach. We will
discuss the algorithms and characteristics of each of these approaches and show that the proposed
methods enable us to efficiently and reliably compute the corresponding integrals for 1D, 2D and
3D problems. The second concern of this thesis is the local enrichment in the context of the
FCM. The local enrichment is required for problems including discontinuities or singularities,
for which a degradation of the convergence rate of the FCM is to be expected. An example for
such a situation is the case of a problem that involves material interfaces, which is one of our
focal points in this thesis. To avoid such drawbacks, we will propose two high-order enrichment
strategies based on the hp-d approach and the partition of unity method. Based on several nu-
merical examples, the proposed local enrichment strategies will be examined in 1D, 2D, and 3D
in order to point out the advantages and disadvantages of each method. We will show that if the
local enrichment is performed properly in the FCM, it is possible to obtain an accurate represen-
tation of the displacements and stresses and to retain the high convergence rate of the method.
Finally, the application of the finite cell method will be extended to the simulation of wave prop-
agation problems. To this end, we will propose a novel approach based on the combination of
the FCM and spectral elements. Here, the main focus will be on the issue of the mass lumping
when the fictitious domain method is applied as well as on the aspect of efficiently employing an
explicit time-integration algorithm such as, for instance, the central difference method. We will
show that the proposed approach, which is referred to as the spectral cell method, offers a very
fast and novel technique with a high convergence rate for the simulation of wave propagation
problems of structures obeying complicated geometries.
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Zusammentfassung

Die Finite-Cell-Methode (FCM) basiert auf einer Kombination der Fictitious-Domain-Methode
mit finiten Elementen hoher Ordnung. Im Vergleich zur Finite-Elemente-Methode, welche
oberflichen-angepasste Netze erfordert, wird die Netzgenerierung durch die Verwendung eines
fiktiven Gebiets erheblich vereinfacht. Des Weiteren ermoglicht die Verwendung von Ansétzen
hoher Ordnung hohe Konvergenzraten, dhnlich denen der Finite-Elemente-Methode hoher Ord-
nung. Aufgrund dieser beiden Hauptmerkmale ist die FCM als eine effiziente Methode fiir die
numerische Analyse von Problemen im Bereich der Festkorpermechanik anzusehen, bei denen
die Netzgenerierung die grofite Herausforderung fiir die Simulation darstellt. Ein Beispiel hierfiir
sind Probleme mit stark heterogenen Materialien, schaumartige Materialien sowie Sandwichplat-
ten oder Verbundwerkstoffe, bei denen Belastungen zu Delamination oder Faserbriichen fiihren
konnen. Die vorteilhaften Eigenschaften der FCM bringen allerdings auch numerische Heraus-
forderungen mit sich. Im Rahmen dieser Arbeit werden einige dieser Herausforderungen niaher
erldutert sowie verschiedene Losungsansitze vorgestellt.

Zuerst wird dabei auf die numerische Integration eingegangen. Die wesentliche Herausforderung
ist hierbei die Berechnung von Integralen mit diskontinuierlichem Integrand. Solche In-
tegrale lassen sich iiblicherweise nicht effizient mit herkommlichen Quadratur-Regeln berech-
nen. Um dieses Problem zu 16sen, werden in diesem Zusammenhang verschiedene numerische
Integrationsverfahren vorgestellt und untersucht, wobei vor allem auf die adaptive Gaufs-
Quadratur und die Moment-Fitting-Methode eingegangen wird. Die Algorithmen und Eigen-
schaften der einzelnen Ansitze werden diskutiert, um zu zeigen, dass die vorgestellten Meth-
oden es ermdglichen, die entsprechenden Integrale fiir 1D-, 2D- und 3D-Probleme effizient
und zuverldssig zu berechnen. Der zweite Schwerpunkt dieser Arbeit liegt auf der lokalen
Anreicherung in der FCM. Die lokale Anreicherung ist in Problemstellungen erforderlich,
die Diskontinuititen oder Singularitdten beinhalten, die in der FCM die Konvergenzrate re-
duzieren. Ein Beispiel hierfiir sind Probleme, bei denen Materialgrenzflachen auftreten, was
gleichsam einer der Schwerpunkte dieser Arbeit ist. Um diese Herausforderung zu losen, wer-
den zwei Anreicherungsstrategien hoherer Ordnung vorgestellt, welche auf dem hp-d Ansatz
sowie der Partition-of-Unity-Methode basieren. Anhand verschiedener numerischer Beispiele
werden die vorgeschlagenen lokalen Anreicherungsstrategien in 1D, 2D und 3D untersucht, um
die Vor- und Nachteile der einzelnen Methoden aufzuzeigen. Es wird gezeigt, dass durch eine
geeignete lokale Anreicherung eine genaue Berechnung der Verschiebungen und Spannungen
ermoglicht wird, und somit die hohe Konvergenzrate erhalten bleibt. AbschlieBend wird die
Finite-Cell-Methode auf die Simulation von Wellenausbreitungsproblemen angewendet. Zu
diesem Zweck wird ein neuer Ansatz vorgestellt, der auf einer Kombination der FCM mit spek-
tralen Elementen basiert. Hierbei liegt der Schwerpunkt auf dem Mass-Lumping unter Verwen-
dung der Fictitious-Domain-Methode sowie auf dem effizienten Einsatz eines expliziten Zeit-
integrationsalgorithmus, wie z.B. des zentralen Differenzverfahrens. Es wird gezeigt, dass der
vorgestellte Ansatz, die Spectral-Cell-Methode, eine sehr schnelle und innovativ Methode ist,
die bei der Simulation von Wellenausbreitungsproblemen in geometrisch komplexen Strukturen
zu hohen Konvergenzraten fiihrt.
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